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Introduction
Catastrophe theory is a well-established mathematical framework initiated by R. Thom [31] for analyzing complex systems exhibiting instability phenomena. From its birth, concepts of this theory have been exploited over the years in several fields to provide the interpretation of sudden large changes in the configuration as the result of a small variation in the boundary conditions. Owing to its multidisciplinary application, catastrophe theory has found relevance in the mechanics of fluids, solids, and structures [11, 16, 21, 22, 26, 33, 39] , but also in optics, physical chemistry, economics, biology and sociology [2, 15, 25, 32] .
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About fifty years ago, E.C. Zeeman invented and realized a simple but intriguing mechanical device [37] to illustrate for the first time concepts of catastrophe theory. The pioneering (planar) two-spring system, also known as 'Zeeman's catastrophe machine', can be easily home-built by fixing two elastic rubber bands and a cardboard disk on a desktop through three drawing pins ( Fig. 1, left) . More specifically, the two elastic bands are tied together through a knot pinned on the cardboard disk. The other end of the first elastic band is pinned on the table while that of the second elastic band is held by hand, controlling its position within the plane. Lastly, in turn, the disk is pinned to the desktop. The resulting system has two control parameters (the hand position coordinates X c and Y c ) and one state variable (the rotation angle ϑ of the cardboard disk). The number of equilibrium configurations for the system varies by changing the two control parameters (hand coordinates). In particular, the physical plane is split into two complementary regions separated by a symmetric concave diamond-shaped curve (with four cusps): the monostable region outside the closed curve and the bistable region inside. These two regions are respectively associated to hand position providing either a unique or two different stable equilibrium configurations (expressed by the state variable ϑ). The separating closed curve is called the catastrophe locus because when crossed by the hand position from inside to outside 1 provides the snapping of the system, as visual representation of the catastrophic behaviour.
Several modified versions of the Zeeman's catastrophe machine have been proposed with the purpose to display various concepts of catastrophe theory. Different two-spring [17] and three-spring [36] systems have been shown to possibly display more (than one) separated closed curves representing the catastrophe locus by choosing specific design parameters. A different behaviour, the butterfly catastrophe, has been displayed when the elastic band pinned to the desktop is replaced by two identical elastic bands, with their ends symmetrically pinned to the desktop [34] . The analysis of catastrophe locus has been also extended to discrete systems with elastic hinges [6, 7] . Moreover, Zeeman's machine has also been used to show chaotic motion [24] and its principle has been exploited to motivate the electro-mechanical instabilities of a membrane under polar symmetric conditions [23] . However, the elastic response in all of these systems has been considered to depend only on a finite number of degrees of freedom.
In this research line, the design of a catastrophe machine is extended for the first time to an elastic continuous element, namely the planar elastica, within the finite rotation regime. 2 The increase of the number of degrees of freedom (from finite to infinite) together with the increase in the number of kinematic boundary conditions (from two to three) requires a more complex formulation in comparison with that considered for treating the classical discrete systems.
More specifically, considering as fixed the position of one end of the elastica, the three kinematic boundary conditions X l , Y l (the two coordinates) and Θ l (the rotation angle) at the other end are imposed through two control parameters. This relationship introduces a multiplicity issue for the configuration associated with the same coordinates X l , Y l of the final end (because of the sensitivity of the angular periodicity for the rotation angle) to be overcome 1 Snapping occurs only for the configuration inside the bistable region which loses stability when crossing the catastrophe locus. For the classical machine this is strictly related to the sign of the rotation angle ϑ and, similarly, for the presented elastica machine to that of the curvature at the rod's ends. 2 The framework of catastrophe theory is found in the literature to be only exploited for continuous systems in investigating their equilibrium configurations as small perturbations of the undeformed one, as in the buckling problem for a pin ended rod under a lateral load [39, 40] or for a stiffened plate [19] . Differently, the catastrophe framework is here exploited for the whole set of equilibrium configurations, without any restriction on the amplitude of the related rotation field, being the analytical solutions of the Euler's elastica equation.
for a proper representation of the catastrophe locus in the physical plane. Furthermore, the analysis of catastrophe loci for elastica based machines requires to consider a further space, the primary kinematical space, in addition to the two spaces usually considered in the analysis of classical machines, the control parameter and the physical planes (no longer coincident here). It is shown that the catastrophe locus is provided by the projection in the physical plane of the intersection of the elastica machine set (defined by design parameters chosen for a specific machine) and the snap-back surfaces (universal for elasticae with controlled ends [8] ) within the primary kinematical space.
Among the infinite set of elastica catastrophe machines (ECMs), two families are proposed and thoroughly investigated through the developed theoretical formulation, fully confirmed by experiments performed on a physical model ( Fig. 1 , right). [25] ) and a photo of the prototype realized for the proposed elastica catastrophe machine (right). The respective catastrophe locus C P is reported for both machines as the union of C (+) P (blue line) and C (−) P (red line). Two stable equilibrium configurations exist for the elastic systems when the hand position, controlling the rubber's end coordinates X c , Y c (left) or the elastica's end coordinates X l , Y l , is within the bistable (green background) region enclosed by catastrophe locus. Differently, the stable equilibrium configuration is unique when the hand position is located within the monostable region (non-green background) defined as outside of the closed curve defining the catastrophe locus. Crossing the catastrophe locus from inside may provide snapping of the system. An example of snapping motion displayed by the realized physical model of the elastica catastrophe machine ( Fig. 1, right) is illustrated in Fig. 2 . Two sequences of deformed configurations are shown for two different evolutions of the rod's final end position (controlled by hand). Both evolutions start from the bistable (green) domain (first column) and end to the monostable (white) domain (third column). Snapping occurs at crossing the catastrophe locus from inside to outside (second column highlighted in purple), as the elastic rod dynamically reaches the reverted stable configuration.
A parametric analysis performed by varying design parameters shows that the introduced families define catastrophe loci in a large variety of shapes, very different from those realized with classical catastrophe machines. In contrast to the classical machines, it is shown that such sets may display unexpected geometrical properties. On one hand, the number of bifurcation (lower part) for the elastica having positive/negative curvature at its ends. Four snapshots taken during snapping are superimposed in the second column (deformed configurations highlighted with purple dashed lines). Experiments are performed using ECM-I (with κ R = 0.5, λ R = 0.1, υ = 0) with a carbon fiber rod by increasing the first control parameter p 1 (radial distance from the rotation point) at fixed value of p 2 (the angle Θ l at the moving end). Deformed configurations with positive/negative curvature at its ends are highlighted with blue/red dashed line. points along the catastrophe locus can be different than four. On the other hand, the convexity measure [41] of catastrophe locus is found to change significantly, while that of classical machines ( Fig. 1, left) is usually around 0.65. 3 In particular, the convex measure is found to possibly approach 1 with obtuse corners at the bifurcation points. This property facilitates reaching high-energy release snapping conditions, while these are difficult to attain in classical machines because associated with acute corner points.
The combination of the variable number of bifurcation points and the approximately unit value for the convex measure paves the way to realize very efficient snapping devices. Therefore, in addition to the interesting mechanical and mathematical features with reference to catastrophe theory in combination with snapping mechanisms [1, 4, 5, 9, 10, 13, 28, 29, 30] , the proposed model may find application in the design of cycle mechanisms for actuation and dissipation devices towards energy harvesting, locomotion and wave mitigation [3, 12, 14, 18, 20, 27, 35] .
2 Equilibrium configurations for the elastica and the universal snap surface
The equilibrium configurations and the concept of universal snap surface are recalled for the inextensible planar elastica of length l and lying within the X − Y plane, which models the flexible element composing the elastica catastrophe machine. Considering the flexible element (the rod) kinematically constrained at its two ends, the following six boundary conditions are imposed
where s ∈ [0, l] denotes arc length along the rod, X and Y the Cartesian coordinates and Θ the anticlockwise rotation evaluated with respect to the X axis. The inextensibility of the elastic rod constrains the distance d between its two ends to satisfy the following kinematic compatibility condition
The inextensibility assumption also introduces the dependence of the coordinate fields X(s) and Y (s) on the rotation field Θ(s) through the following differential relations
where the symbol denotes the derivative with respect to the curvilinear coordinate s. Given the six boundary conditions (1), the deformed configuration of the elastic rod at equilibrium is described by
where β is related to the inclination of the reaction force at the ends, measured as anti-clockwise angle with respect to the straight line connecting the two clamps, while
In the case when the number m of inflection points along the rod is null, the three functions ζ(s), A(s), and B(s) are given by Differently, when at least one inflection point is present (m = 0),
In the aforementioned equations F is Jacobi's incomplete elliptic integral of the first kind, E Jacobi's epsilon function, E Jacobi's incomplete elliptic integral of the second kind, 'sn' Jacobi's sine amplitude function, 'cn' Jacobi's cosine amplitude function, 'dn' Jacobi's elliptic function, and 'am' Jacobi's amplitude function,
(8) Moreover, the parameters ζ 0 , ζ l , η, ω 0 , and ω l appearing in eqns (6) and (7) are given by
withζ = ζ(ŝ),ŝ being the smallest curvilinear coordinate s corresponding to an inflection point, Θ (ŝ) = 0, and the parameter j related to the sign of curvature at s = 0 (corresponding to j = 0 if Θ (s = 0) > 0, and j = 1 if Θ (s = 0) < 0), while ξ is a parameter restricted to
The position fields X(s), Y (s), and Θ(s), eqn (4), define the configuration taken by the elastica when constrained by the two ends. In particular, the equilibrium configuration (in general non-unique) can be characterized once the two unknown parameters (ξ and β for m = 0, η and β for m = 0) are evaluated for a given set of kinematical boundary conditions, eqn (1) . The pair(s) of these parameters can be obtained by solving the following nonlinear system,
Towards the stability analysis of a specific equilibrium configuration related to the six boundary conditions X 0 , X l , Y 0 , Y l , Θ 0 , Θ l , it is instrumental to refer to the following three primary kinematical quantities: the distance d, eqn (2), and the angles θ A and θ S , respectively defined as the antisymmetric and symmetric parts of the imposed end rotations,
In particular, the triads {d, θ A , θ S } can be related to a unique or two different stable configurations through a function S K (d, θ A , θ S ) as [8] S K (d, θ A , θ S ) > 0 ⇔ monostable domain: one stable configuration,
Universal snap surface. The transition between the bistable and monostable domains (13) occurs for the set of critical conditions of snap-back for one of the two stable configurations, differing by the sign of curvature at the two ends. Such a condition can be represented through the concept of universal snap surface (restricted here to type 1 only [8] ), which can be expressed in the following implicit form
The equation (14) defines a closed surface within the space of the primary kinematical quantities {d, θ A , θ S }, with two planes of symmetry defined by θ A = 0 and θ S = 0 ( Fig. 3 , left). 4 The intersection of the surface S K with its two symmetry planes provides two closed curves representing the whole set of pitchfork bifurcation points. More specifically, the pitchfork bifurcation points are distinguished as supercritical or subcritical, the former corresponding to the intersection curve with θ S = 0 and the latter with θ A = 0. Therefore, the generic planar section of S K at fixed values of d has shape and physical meaning definitely similar to those of the catastrophe locus of the classical Zeeman machine (see Fig. 1 left) having two canonical and two dual cusps, see [8] and [25] . A critical configuration with a certain sign of curvature at the two ends is characterized by symmetric angle θ S with the same sign. Due to the symmetry properties described above, the implicit function S K (d, θ A , θ S ) can be described through two single value functions θ sb (+) S and θ sb (−) S of the two primary kinematical quantities d and θ A ,
where the sign enclosed by the superscript parentheses is related to the sign of curvature at the two ends before snapping, related to the parameter j in eqn (9) . This sign is also coincident with that of the symmetric angle of the snapping configuration. Furthermore, symmetry properties lead to the following conditions 3 Theoretical framework for elastica catastrophe machines
The aim of this section is to develop the theoretical framework for the realization of the elastica catastrophe machine. For the sake of simplicity, the initial coordinate of the elastic rod, s = 0, is considered fixed and taken as the origin of the reference system X − Y and with tangent parallel to the X-axis, so that
It follows that the three primary kinematical quantities, eqn (12) can be expressed as functions (overtilde symbol) of the position at the final coordinate (s = l) only,
which simplify as 5
Relations (19) can be inverted to provide the position at the final coordinate (s = l) as a function (hat symbol) of the primary kinematical quantities
The definition of a (catastrophe) machine leads to the introduction of control and design parameters, respectively collected in the two vectors p = {p 1 , ..., p M } and q = {q 1 , ..., q N } (with M, N ∈ N). In particular, p is the fundamental vector collecting the degrees of freeedom of the considered machine. Thus, the position of the rod at the final curvilinear coordinate (s = l) can be also described as functions (overbar symbol) of such parameters as
and similarly, considering eqns (19) and (21), the three primary kinematical quantities d, θ A and θ S as
Although both the control and design parameters affect the elastica configuration, a distinction is made being the former varied at fixed values of the latter. In the following, towards the geometrical representation of the catastrophe locus (namely, the critical conditions providing snapping for the elastica) within the physical plane X − Y , the number of control parameters is taken as M = 2, so that p = {p 1 , p 2 }.
Finally, it is assumed that the relations (21) and (22) can be inverted, thus obtaining
and
respectively. A generic configuration of the elastica can be therefore represented by the three equivalent parametrisations of the boundary conditions, namely i) by the two control parameters {p 1 , p 2 }, ii) by the three coordinates of the rod's final end {X l , Y l , Θ l } or iii) by the three primary kinematical quantities {d, θ A , θ S }. This discrepancy in the number of the required parameters suggests that one of the coordinates of the triads {X l , Y l , Θ l } or {d, θ A , θ S } might be expressed as a function of the remaining two. Section ?? of the Supplementary Material is devoted to the development of such statement.
Three spaces for representing the catastrophe locus
In light of the above, the complete understanding of the principles underlying the present catastrophe machine requires to consider the projection of the controlled end's configuration within the three different spaces, C: the control parameter plane p 1 − p 2 ;
where the rotational coordinate Θ l (possibly even more than one) is condensed to the physical plane X l − Y l .
The need of these three different representations and the (unavoidable) projection of the rotational coordinate Θ l to the physical plane X l − Y l are the new constituents of the elastica catastrophe machine with respect to the classical one [37, 38] , where the control plane coincides with the physical one and the kinematical space is not needed. Furthermore, differently from the classical catastrophe machine, the values of the control parameters p 1 and p 2 , kinematical
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In order to minimize the presence of self-intersecting configurations 6 for the elastica, the symmetric θ S and antisymmetric θ A angles are considered to be restricted by
so that the variables within the three spaces are also limited to the 'machine set' M,
The intersection of the inextensibility I and machine M sets provides the 'elastica machine set' E, defining the configurations that can be attained by the designed elastica catastrophe machine,
The two single-valued functions θ (15) , introduced in the previous section as the collection of critical snap-back (type 1 [8] ) conditions for positive and negative sign of ends' curvature configurations, define respectively the 'snap-back subsets' S
The union of the two 'snap-back subsets' S (+)
splitting the d − θ A − θ S space into two regions, the 'bistable set' B K collecting kinematical quantities for which two stable solutions exist
and the 'monostable set' U K collecting kinematical quantities for which only one stable solution exists
The snap-back set S K is independent from the design parameters and has only a representation within the primary kinematical space. Its intersection with the 'elastica machine set' E K provides the critical kinematical quantities d C , θ C A , and θ C S associated with the designed elastica machine and collected in the 'catastrophe set' 7 C K
Considering eqns (21) and (??), the 'catastrophe set' (or, equivalently, the catastrophe locus) C K can be also projected within the control and physical 8 planes (J = C, K, P ), being the sign referred to that of the symmetric angle/ends curvature for which the equilibrium configuration snaps. Due to the nonlinearities involved, the catastrophe sets can be evaluated only numerically. The algorithm used for the numerical evaluation of the catastrophe set is presented in Section ?? of the Supplementary Material.
'Effectiveness' of the elastica catastrophe machine
Following the principles of the classical catastrophe machine, the 'effective' elastica catastrophe machine should repetitively display snapping mechanisms along specific equilibrium paths. This property corresponds to the hysteretic behaviour typical of nonlinear elastic structures characterized by cusp catastrophes when subject to cyclic variations in their control parameters [25] . Therefore, the design of an 'effective' elastica catastrophe machine is guided by tuning the design parameters q towards the morphogenesis of an 'effective' catastrophe set C P displaying hysteresis. In particular, this set defines a closed curve in the physical plane which is composed of both the 'catastrophe subsets' C (+) P and C (−) P joined together, allowing snapping for both signs of symmetric angle/ends curvature.
The hysteretic (non-hysteretic) behaviour associated to the 'effectiveness' ('non-effectiveness') of the catastrophe locus is sketched in the upper (lower) part of in Fig. 4 for a cyclic variation in the control parameters. 7 It is worth mentioning that the present nomenclature differs from that used by some authors [7, 17] defining the projection C C of the catastrophe set in the control (force) plane as bifurcation set and the snap-back set S K as catastrophe set. 8 It is noted that the 'catastrophe set' C P is a curve within the physical plane X l − Y l , obtained as the projection of the 'catastrophe set' C 3D P collecting the critical rotation angle Θ C l as third physical coordinate
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Because of its generality, the present theoretical framework can be exploited to design a specific elastica catastrophe machine by particularizing the kinematic relations X l (p, q), Y l (p, q), and Θ l (p, q). Within the infinite set of possible elastica catastrophe machines, as evidence of feasibility, two specific families are proposed and investigated in the next section, showing that catastrophe locus can be attained with peculiar properties by tuning the design parameters vector q. More specifically, the catastrophe locus C P of the elastica catastrophe machine might exhibit a number of bifurcation points not necessarily equal to four. Indeed, such multiplicity can vary here because coincident with the number, variable through the design parameters, of intersections of the elastica machine set E K (which is in general not a plane) with the snap-back set S K with θ S = 0 (points B 1 ) or θ A = 0 (points B 2 ). Even more unusual, the catastrophe locus C P may substantially vary its non-convexity, differently from the classical machines. This property is fundamental for crossing bifurcation points at high-energy release. Indeed, convexity facilitates reaching bifurcation points, otherwise confined within acute angles in the classical machines. Because an analytical proof is awkward, with the purpose to evaluate the convex Published in Journal of the Mechanics and Physics of Solids (2020) doi: 10.1016/j.jmps.2019.103735
property of the catastrophe locus C P , the convexity measure C(C P ) is introduced [41] C(C P ) = Area(C P ) Area(CH(C P ))
.
In eqn. (36) CH(C P ) is the convex hull of C P , namely the smallest convex set including the shape of the catastrophe locus. The convexity measure C ranges between 0 and 1, being equal to 1 if and only if the planar shape is convex.
Two families of elastica catastrophe machines
With the purpose to explicitly evaluate catastrophe loci generated by elastica catastrophe machines, the two families ECM-I ( Fig. 5, left) and ECM-II ( Fig. 5, right ) are considered and investigated by means of the general theoretical framework presented in the previous section. The elastica's end s = l is considered attached to an external rigid bar, which configuration is defined by the two control parameters p 1 and p 2 . In both ECM-I and ECM-II the control parameter p 2 is taken coincident with the rigid bar rotation, so that, introducing the design angle parameter υ between the rigid bar and the elastica end tangent, the rotation Θ l imposed at the final curvilinear coordinate is given by For each one of the two proposed families, the dependence on the control parameters is specified for the physical coordinates X l (p, q) and Y l (p, q). Therefore, the respective inextensibility and machine sets, introduced in the previous Section with a general perspective, can be explicitly identified. Finally, the shape change of the corresponding catastrophe set and the achievement of 'effective' catastrophe sets are disclosed with varying the design parameters vector q.
The elastica catastrophe machine ECM-I
In the first family of catastrophe machine (Fig. 5, left) , the external rigid bar is constrained by a sliding sleeve, centered at the fixed point R = (κ R l; λ R l) and whose inclination with respect to the X-axis corresponds to the control parameter p 2 . By sliding the rigid bar, the distance p 1 l between the elastica end s = l and the sliding sleeve rotation center is ruled by the control parameter p 1 , so that the coordinates of the elastica's end are
with p 1 restricted to positive values (p 1 > 0) 9 and the control parameters vector has length N = 3 and is given by
The different relations connecting the configuration representation through control parameters, primary kinematical quantities and physical coordinates can be derived from the explicit kinematical rules (37) and (38) . These are reported in the Supplementary Material (Section ??).
The 'elastica machine set' E C is defined in the control parameters plane p 1 − p 2 as the intersection of the inextensibility set I C , provided by the inextensibility condition (2) as
with the set machine domain M C , eqn (26), expressed as
The different sets in the primary kinematical space and in the physical plane can be obtained from the respective projections of I C (40) and M C (41) by means of equations (??)-(??).
The I, M, E, and C sets are reported in Fig. 6 for the control parameters κ R = 0.5, υ = 0 and λ R = {0.3, 0.35, 0.4}. Therefore, the considered ECMs-I differ only in the position of the rigid bar rotation center R, slightly moving up from the first to the third line. In the Figure, three different spaces are depicted: the control plane (left column), the primary kinematical space (central column, also containing the snap-back surface S K ), and the physical plane (right column). The catastrophe set C K is evaluated within the primary kinematical space as the curve defined by the intersection of two surfaces, representing the snap set S K and the elastica set E K . The obtained catastrophe curve has projections C C and C P within the control and physical planes as planar curves. The positive and negative sign of ends' curvature related to the configuration at snapping is highlighted along the catastrophe curves C with blue (C (+) ) and red (C (−) ) colour, respectively. How the catastrophe set changes with increasing the design parameter λ R may be appreciated from the figure. In particular, the sets of coordinates corresponding to two stable equilibrium configurations are given by the union of one (λ R = 0.3), two (λ R = 0.35), and three (λ R = 0.4) simply connected domains in the physical plane. However, for each of the three cases, only one of these simply connected domains for which snapping occurs only for a positive or for a negative sign of the ends' curvature, so that no more than one snap (and therefore no hysteresis) can be related to these during a cyclic path. The existence and properties of these simply connected domains are strictly dependent on the selected design vector. With this regard, considering 10 only non-negative values of λ R and υ ∈ [0, 2π) and restricting the attention to the physical plane representation, the influence of the design parameters is shown through the following effective and non-effective catastrophe sets: Dramatic changes in the projection of the catastrophe set within the physical plane can be observed from these figures, as the result of changing the design parameter vectors q. In particular, a loss of symmetry in the catastrophe locus occurs when υ = {0, π} or λ R = 0. Furthermore, the catastrophe loci that may be generated by ECM-I encompass a large variety of shapes, very different from those related to the classical catastrophe machines. In particular, the following new features of the catastrophe sets are found:
• Variable number of bifurcation points. The effective catastrophe loci, reported for different values of q in Figs. 7 and 8 , display a variable number of bifurcation points depending on the number of intersections of E K with S K for θ S = 0 and θ A = 0. In Fig. 7 , the reported effective sets have two (e.g. second row, first column, υ = 0) or four bifurcation points (e.g. first row, second column, υ = 0). In Fig. 8 , the number of bifurcation points can be equal to one (e.g. first row, first column, υ = π), two (e.g. second row, second column, υ = π/4), three (first row, first column, υ = 0) or four (second row, first column, υ = π/4);
• Convex measure of the catastrophe locus C P . In Fig. 8 , the catastrophe sets for {υ = π, κ R = 0.25} (first row, first column) and for {υ = 0, κ R = 0.75} (first row, third column) have convex measure approaching the unit value, C 1. The catastrophe set for {υ = π, κ R = 0.5} (first row, second column) has C = 0.9997 while that for {υ = π, κ R = 0.75} (first row, third column) has C = 0.998. 
The elastica catastrophe machine ECM-II
In the catastrophe machine ECM-II ( Fig. 5, right) the rigid bar of fixed length ρl can rotate and has one end constrained to slide along a straight line, inclined at an angle α with respect to the X-axis. The center of rotation of the rigid bar is at a controlled distance p 1 l from a fixed point D, of coordinates {X D , Y D } = {κ D , λ D }l, located on the straight line. By controlling the inclination p 2 and the distance p 1 l of the movable rotation center of coordinates {κ D + p 1 cos α, λ D + p 1 sin α}l from the reference point D, the elastica end s = l has coordinates X l (p, q II ) = (κ D + p 1 cos α + ρ cos p 2 ) l, Y l (p, q II ) = (λ D + p 1 sin α + ρ sin p 2 ) l, (42) while the design parameters vector (of length N = 5) for ECM-II is
The equations relating the control parameters, the primary kinematical quantities and the physical coordinates are obtained through the equations (37) and (42) and reported in the Supplementary Material (Section ??) . The parameter υ * is introduced to represent the two cases υ = υ * and υ = υ * + π in the same plot. The position rotation center R of the rigid bar is identified as red spots.
The control parameters vector p for ECM-II is restricted to the set E C , given by the intersection of the inextensibility set I C ,
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In order to have a non-null elastica machine set E, the first four design parameters are constrained to satisfy the following inequality
From eqn (42), it may also be noted that two different control parameters vectors p and p provide the same end's coordinates {X l (p , q)) = X l (p , q), Y l (p , q)) = Y l (p , q)} when
Therefore, in addition to the natural multiplicity due to the angular periodicity in the physical angle Θ l , the same position X l , Y l in the physical plane is associated to two physical angles Θ l (p , q) = Θ l (p , q) not differing by 2kπ (k ∈ Z), namely
Due to this additional multiplicity, it is instrumental to analyze the behaviour of ECM-II through the analysis of two machine subtypes, ECM-IIa and ECM-IIb, having the control parameter p 2 (ruling the rigid bar rotation) restricted to specific sets p 
The inextensibility I, the machine M, the elastica E and catastrophe C sets for ECM-II are shown in Fig. 9 within the control plane (left column), primary kinematical space (central column), and the physical plane (right column) for κ D = λ D = α = υ = 0 and ρ = {0.5, 0.6, 0.65}, with increasing values from the upper to the lower line. The portions C (+)
of catastrophe loci are reported as blue/red lines, continuous for ECM-IIa and dashed for ECM-IIb. In the figure, the blue/red line defines configurations for which elastica with positive/negative ends curvature snaps. The thick line identifies an effective catastrophe locus while a thin line a non-effective one, so that, in Fig. 9 , the catastrophe sets of EMC-IIa are all effective while those of ECM-IIb are not. It is evident that for ρ = {0.5, 0.6} the catastrophe sets of ECM-IIa and ECM-IIb have in common their end points (also at the boundary of I/M in the physical plane) while for ρ = 0.65 the two machine subtypes do not share any point with each other.
The catastrophe sets of ECM-IIa and ECM-IIb for κ D = λ D = α = υ = 0 and ρ = 0.5 shown in Fig. 9 (upper part, right) are also reported separately for the two machine subtypes in Fig.  10 (upper part) . This latter representation contains also some elasticae, highlighting the two possible equilibrium configurations for a state within the bistable region and the only possible configuration after crossing the catastrophe locus. The catastrophe sets are also reported in the lower part of Fig. 10 for a machine with the same design parameters of that considered in the upper part of Fig. 10 except for the value of υ, taken as υ = π (instead of υ = 0). It can be appreciated that for the same design parameters no more than one of the two machine subtypes is effective, namely ECM-IIa with υ = 0 and ECM-IIb with υ = π. The remaining two machine subtypes are non-effective, but each of them displays a different behaviour. ECM-IIb with υ = 0 has a non-effective catastrophe set so that only one snap may occur during a continuous evolution while ECM-IIa with υ = π has no catastrophe locus so that no snap is possible with this machine subtype. Performing a parametric analysis of ECM-II (by varying the design parameters) it can be concluded that a principle of exclusion about the effectiveness for the two subtypes of machine exists, namely, if ECM-IIa (or ECM-IIb) is an effective machine then ECM-IIb (or ECM-IIa) is not. This principle finds also evidence in the Figs. 11-14, referred to different design parameters vectors (restricted to υ ∈ [0, 2π) due Figure 10 : Catastrophe sets of ECM-IIa and ECM-IIb with κ D = λ D = α = 0, ρ = 0.5, and υ = 0 (upper part) or υ = π (lower part). While ECM-IIa is effective for υ = 0, ECM-IIb is effective for υ = π. Deformed configurations are also displayed for some specific end's position, highlighting equilibrium multiplicity (when existing).
to periodicity) as follows:
• for κ D = λ D = α = 0, ρ = {0.1, 0.2, 0.3, 0.5, 0.6, 0.7, 0.8, 1} and υ = 0 in Fig. 11 and for the same values of λ D , κ D , α, and ρ but υ = π in Fig. 12 , showing that only ECM-IIa is effective in the former figure while only ECM-IIb is effective in the latter. In particular, ECM-IIa does not display any catastrophe set in all the cases in Fig. 12 (similarly to Fig. 10 , bottom left) except when ρ = 1;
• for κ D = λ D = 0, ρ = 0.5, υ = {0, π} and α = {0, 1/8, 1/4, 1/2}π in Fig. 13 , showing that only ECM-IIa is effective for υ = 0 and α = {0, 1/8, 1/4}π, only ECM-IIb is effective for υ = π and α = {0, 1/8}π, while no machine subtype is effective in the remaining cases;
• for κ D = α = 0, ρ = 0.5, λ D = {0, 0.2, 0.4, 0.6} and υ = {0, 1/4, 1/2, 3/4}π in Fig. 14, showing that only ECM-IIa is effective for υ = {0, 1/4}π for all the reported values of λ D and only ECM-IIb is effective for υ = 3/4π for all the reported values of λ D , while no machine subtype is effective in the remaining cases. In analogy with the observations for ECM-I machine, the following new features of the catastrophe sets for ECM-II are displayed:
• Variable number of bifurcation points. The catastrophe sets in Figs. 11, 12, 13 and 14 exhibit a number of bifurcation points ranging from two to five. For instance, the ECM-IIa machines in Fig. 11 and the ECM-IIb machines in Fig. 12 have a catastrophe set with two bifurcation points on the symmetry axis. Moreover, In Fig. 14, the catastrophe set for the ECM-IIa machine for υ = π/4 and λ D = 0.2 (second row and second column) has five bifurcation points.
• Convex measure of the catastrophe locus C P . The catastrophe sets reported in the first row of Fig. 12 have C 1 for ρ = {0.1, 0.2, 0.3} (first three columns) and C = 0.9998 for ρ = 0.5 (fourth column).
The three-dimensional representation in Fig. 15 shows the curvature at the final curvilinear coordinate as a function of the two control parameters for ECM-IIb with κ D = λ D = α = 0, υ = π, and ρ = 0.8 (corresponding to the setting considered in the third column, second line, of Fig. 12 ). The same three-dimensional plot is reported on the left and the right under two opposite perspectives. Multiplicity and uniqueness of equilibrium configuration are highlighted for control parameters pairs respectively inside and outside the closed curve defining the catastrophe locus (projection on the p 1 − p 2 plane). The jump in the equilibrium Published in Journal of the Mechanics and Physics of Solids (2020) doi: 10.1016/j.jmps.2019.103735 Figure 12 : As for Fig. 11 , but for υ = π. configuration, displayed at the catastrophe locus with arrows, implies a change in the curvature sign (for the same value of control parameters).
Finally, the analysis of ECM-II is complemented by a discussion about the special case of the rigid bar with infinitely large length reported in Sect. ?? of the Supplementary Material and the suggestion for the initial values of the control parameters p(τ 0 ) in Sect. ?? of the (a and b). The two clamps, one fixed and the other moving, constraining the ends of the elastic rod are assembled on an HDF (High-density fibreboard) desk. This panel acts as a support for mounting the screen printing of the catastrophe locus, which changes by varying the selected design parameters. More specifically, the clamp constraint at the rod coordinate s = 0 is fixed and mounted on a PMMA structure. The constraint at the other end of the rod (s = l) is provided by a clamp which may slide along a rotating aluminium hollow bar (10 × 10 mm cross-section) with its end pinned to and possibly sliding along an aluminium rail (aluminium extrusions bar, 20 × 20 mm cross-section), fixed on the desk through two clips. Three goniometers are mounted to measure during the experiments (i.) the angle between the desk and the rail (design angle α in ECM-II), (ii.) the angle between the rail and the rotating bar (to be used for imposing the control angle p 2 ), and (iii.) the angle between the rotating bar and the moving clamp inclination (design angle υ). Each one of the two proposed families can be tested by properly constraining one of the degrees of freedom of the prototype to a fixed value. In particular, ECM-I is attained by fixing the rotating bar end to a specific point R (design parameters κ R , λ R ) along the fixed rail, while ECM-II by fixing the moving clamp along the rotating bar at a distance ρl from its end and by defining the inclination α and the passing point D (design parameters κ D , λ D ) for the fixed rail.
Rods of (net) length l = 40 cm with different cross-sections and made up of different materials have been tested. In the following, results are shown for two types of rods: ing a sequence of snapping mechanisms. Photos taken at specific stages during the experiments are displayed in Fig. 17 . In the figure, all the stable equilibrium configurations are reported at three stages for ECM-I (with κ R = 0.5, λ R = 0.1, υ = 0). The three stages are related to the position of the moving clamp, located (a) within the bistable region, (b) on the catastrophe locus, and (c) within the monostable region (from left to right in Fig. 17 ). The two equilibrium configurations related to each of the two first stages (left and central column) differ in the curvature sign at the clamps and are displayed as the superposition of two photos. The only 'surviving' configuration is displayed at stage c (right column), which can be reached through a smooth transition from the adjacent deformed configuration or through snapping from the non-adjacent deformed configuration (characterized by an opposite sign of the curvature at both clamps). The experimental results are reported for a clamp position's evolution ruled by different variations of the control parameters: (i) variation in both the control parameters p 1 and p 2 (Fig. 17, upper part) and (ii) variation in the control parameter p 1 at fixed value of p 2 (Fig. 17, lower part) . The transition of the deformed configuration during a continuous evolution is highlighted During the experiments, photos were taken with a Sony α9 and videos with a high-speed camera (model Sony PXW-FS5 4K, 120 fps). A couple of videos showing example of use of the prototype as ECM-I and ECM-IIb are available as supplementary material. 11 Finally, the quantitative assessment of the theoretically predicted catastrophe loci is reported in Fig. 18 superimposing the experimental critical points for polikristal (star markers) and carbon fiber (crosses markers) rods. The following settings are shown: (i) ECMs-I (with κ R = 0.5, λ R = 0.1, υ = 0, Fig. 18a , and with κ R = 0.5, λ R = 0.3, υ = 0, Fig. 18b ), (ii) ECM-IIb (case κ D = λ D = α = 0, ρ = 1, υ = π, Fig. 18c ) and (iii) ECM-IIa (case κ D = λ D = υ = 0, ρ = 0.5, α = π/4, Fig. 18d ). The comparisons reported in the figure fully display the experimental validation of the theoretical catastrophe loci. During the tests, very small portions of the catastrophe locus were not investigated because of some unavoidable physical limitations (for instance rod's self-intersection). The accuracy in the experimental measure of the critical conditions is observed to be higher when using carbon fiber rods. The inferior accuracy in testing with polikristal rods is expected to be related to the intrinsic viscosity and 
Conclusions
For the first time, the design and the experimental validation of a catastrophe machine has been addressed for a system made up of a continuous and elastic flexible element, extending the classical formulation for discrete systems. A theoretical framework referring to primary kinematical quantities and exploiting the concept of the universal snap surface has been introduced. Among the infinite set of elastica catastrophe machines, two families have been proposed and the related catastrophe locus investigated to explicitly show the features of the present model. A parametric analysis has disclosed substantial differences in the shape of the catastrophe locus in comparison with those deriving from classical catastrophe machines. In particular, the proposed machines can fulfil peculiar geometrical properties as convexity and a variable number of bifurcation points for the catastrophe loci. These meaningful characteristics may enhance the efficiency of snapping devices exploting high-energy release points otherwise unreachable. The research has been completed by the validation of the theoretical results through the physical realization of a prototype enabling experiments with each of the two presented families of elastica catastrophe machines.
